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Possible interpretation on the origin of four-fermion interaction
Hiroaki Kohyama
Department of Physics, National Taiwan University, Taipei 10617, Taiwan
(Dated: September 13, 2017)
We present a possible interpretation on the origin of the four-fermion interaction used in effective
field theories. Inspired by the sharp momentum peak seen in Bose-Einstein condensate state, we
incorporate the special gluon condensate effect into the gluon propagator. We then find that, if one
considers hypothetic situation with the condensed gluon, the four-fermion contact interaction can
arise from the first principle theory of quantum chromodynamics.
PACS numbers: 12.38.Lg, 12.39.Fe
I. INTRODUCTION
Quantum chromodynamics (QCD) is known to be the
fundamental theory of quarks and gluons whose ulti-
mate goal is to describe all the phenomena observed on
hadrons, such as the proton and mesons. Perturbative
approach in QCD works well at high energy thanks to
the nature of asymptotic freedom [1]. However, it is dif-
ficult to investigate the physics at low energy where the
strong coupling becomes large. Then people often use
some effective models of QCD which contain nontrivial
four-fermion interactions [2, 3].
The purpose of this letter is to discuss how this four-
fermion interaction occurs from the first principle theory
of quantum field theory. Motivated by the fact that the
momentum have the sharp peak in a Bose-Einstein con-
densate of gaseous matter, we incorporate this momen-
tum distribution into the propagator of gluons. Under
the assumption, we find that the four-fermion contact
interaction appears as the consequence of the condensate
gluon momentum.
The paper is organized as follows. We present our mo-
tivation in Sec. II. We then show the four-fermion in-
teraction can be derived starting from QCD in Sec. III.
Section. IV gives a numerical test with gluon condensate.
Then some discussion and concluding remarks are put in
Secs. V and VI.
II. MOTIVATION
A Bose-Einstein condensate (BEC) is the interesting
physical state of matter which can be realized at ex-
tremely low temperature, e.g., 170 nanokelvin for gas of
rubidium atoms. The typical atomic scale corresponds to
A˚ ∼ 107K so the temperature is indeed ultimately low.
Under such the extreme circumstance, the particles in-
volved share their phase information, then act as if they
are one large quantum particle (this is the reason why
mean-field approximation works well for condensed mat-
ter system). The characteristic observation on a BEC is
the realization of the momentum peak shown in Fig. 1
where it exhibits the image of the velocity-distribution of
typical gaseous BEC matter.
T > Tc
T < Tc
FIG. 1. Schematic image of the velocity-distribution in a BEC
state.
We postulate, in this letter, that the gluons in hadronic
state may have a similar tendency on the momentum
distribution, i.e., the momentum is sharply condensed
around typical QCD scale, µQCD ∼ 1fm
−1(∼ 200MeV
∼ 1012K). Note that the room temperature (∼ 102K) is
extremely low compare to the hadron scale. We then ap-
ply this speculation by modifying the form of the gluon
propagator in QCD calculation. This is the main moti-
vation of the paper.
III. FOUR-FERMION INTERACTION
We consider the model treatment through evaluating
the partition function of QCD under the special condi-
tion mentioned in the previous section. Thereafter we
try to find the relation between the original QCD La-
grangian and resulting effective model, in particular, the
relation between the quark-gluon interaction and an ef-
fective four-fermion contact interaction.
A. QCD partition function
We first review the evaluation of the partition function
in QCD whose Lagrangian density is given by
LQCD = ψ(iDµγ
µ −m)ψ −
1
4
F aµνF
aµν , (1)
2where ψ and m are the quark field and its mass, Fµν is
the field strength tensor and Dµ indicates the covariant
derivative defined by
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν , (2)
Dµ = ∂µ − igA
a
µt
a, (3)
with the gluon field Aµ and the coupling constant for the
strong interaction g. In this article, we follow the nota-
tions used in the textbook by Peskin and Schroeder [4].
It may be useful to separate the Lagrangian into the free
and the interacting parts as
LQCD = L
0
q + L
0
g + LI, (4)
L0q = ψ(i∂/−m)ψ, (5)
L0g = −
1
4
(∂µA
a
ν − ∂νA
a
µ)
2, (6)
LI = gψγ
µtaψAaµ − gf
abc(∂µA
a
ν)A
µbAνc
−
1
4
g2(feabAaµA
b
ν)(f
ecdAµcAνd), (7)
and we also use the notation L0 = L
0
q + L
0
g. This sep-
arated form helps us to write the partition function by
the Taylor expansion
ZQCD =
∫
Dψ
∫
DA exp
[
i
∫
d4xLQCD
]
=
∫
Dψ
∫
DAei
∫
d4xL0
∞∑
n=0
1
n!
(
i
∫
d4xLI
)n
(8)
where we will consider the terms up to the order of g2 in
this article.
Before proceeding the further calculations, we define
the notation 〈O〉 for later convenience,
〈O〉 =
∫
Dψ
∫
DAei
∫
d4xL0 [O]∫
Dψ
∫
DAei
∫
d4xL0
, (9)
here Eq. (9) indicates the expectation value of O.
As is well known, quarks and gluons have never been
observed as free particles due to non-trivial effect of the
confinement, we expect the amplitudes containing the
outgoing quarks and gluons vanish, namely,
〈ψγµtaψAaµ〉 = 0, (10)
〈(∂µA
a
ν)A
µbAνc〉 = 0. (11)
Retaining non-vanishing contributions in the partition
function, we have
ZQCD ≃
∫
Dψ
∫
DAei
∫
d4xL0
×
[
1 +
1
2
(
ig
∫
d4xψγµtaψAaµ
)2
+
1
2
(
ig
∫
d4xfabc(∂µA
a
ν)A
µbAνc
)2
−
1
4
(
ig2
∫
d4x(feabAaµA
b
ν)(f
ecdAµcAνd)
)]
. (12)
This is the partition function of QCD at g2 order, and we
will try to consider this quantity under special circum-
stance in the following.
B. Quark sector
In this subsection, we are going to study what hap-
pens if one integrates out the gluon degree of freedom,
then discuss the possible relation between original QCD
interaction and the four-fermion interaction.
The term relating to the quark-gluon interaction can
be evaluated by
Zqqg = −
g2
2
∫
Dψ
∫
DAei
∫
d4xL0
×
(∫
d4xψxγ
µtaψxA
a
µx
∫
d4yψyγ
νtbψyA
b
νy
)
, (13)
where we introduced the abbreviated notations ψx =
ψ(x) and Aaµx = A
a
µ(x). The usual rule for the gluon
propagator reads
〈
Aaµ(x)A
b
ν (y)
〉
=
∫
d4p
(2π)4
−igµνδab
p2
e−ip·(x−y), (14)
in the Feynman gauge ξ = 1. Up to here, the treatment
is general; we just briefly reviewed quantum field the-
ory calculation. In the following, we will introduce some
crude hypothesis.
Assuming the situation that the gluon is highly con-
densed and its momentum has narrow peak around µg
as discussed in Sec. II, we perform the following replace-
ment,
1
p2
→
1
µ2g
. (15)
We regard the quantity µg as the energy scale of the
gluon. Once this brute force manipulation is allowed, we
have
〈
Aaµ(x)A
b
ν (y)
〉
=
−igµνδab
µ2g
δ(4)(x− y). (16)
This becomes our Feynman rule for the gluon propagator
in the present model. Substituting the above rule into
Eq. (13), we obtain
Zqqg = NA
∫
Dψei
∫
d4xL0q
×
[
ig2
2µ2g
∫
d4x(ψxγ
µtaψx)(ψxγµt
aψx)
]
. (17)
whereNA is the overall constant from the functional inte-
gration on gluon. Note that the integral for y disappears
due to the delta function δ(4)(x − y), then ψ(y) turns
out to be ψ(x) in Eq. (17). This may be regarded as
3the reason of contact interactions which come from the
resulting delta function.
As the final step, using the approximated relation
eǫ ≃ 1 + ǫ, we put back the resulting term inside the
exponential,
Zq = NA
∫
Dψei
∫
d4xL0q
× exp
[
ig2
2µ2g
∫
d4x(ψγµtaψ)(ψγµt
aψ)
]
. (18)
Since there arises no confusion in the above expression we
drop the suffix x in ψx(= ψ(x)). Then we finally arrive
at the form
Zq = NA
∫
Dψei
∫
d4xLq , (19)
with
Lq = ψ(i∂/−m)ψ +
g2
2µ2g
(ψγµtaψ)(ψγµt
aψ). (20)
Thus we obtained the effective Lagrangian with four-
fermion contact interaction.
It is interesting that the only one replacement, al-
though it looks awful, leads the four-fermion contact in-
teraction. We think this can be a possible interpretation
on the origin of the four-fermion interaction in effective
field theories.
C. Gluon sector
We consider the gluon energy in this subsection by
evaluating the contribution of the third and fourth lines
in Eq. (12).
By using our propagator, we see that the contribution
fabcfdef
〈
(∂xµA
a
νx)A
µb
x A
νc
x (∂
y
ρA
d
λy)A
ρe
y A
λf
y
〉
(21)
from the third line in Eq. (12) vanishes, due to the prop-
erty of the antisymmetric tensor fabc. Non-zero contri-
bution occurs from the fourth line, in which one sees
Z
(4)
QCD = −Z0 · 72g
2i
∫
d4xφ2g. (22)
where Z0 ≡
∫
Dψ
∫
DAei
∫
d4xL0 and φg is the gluon one-
loop amplitude,
φg =
∫
d4p
(2π)4
−i
µ2g
, (23)
with the propagator for the gluon field set by Eq. (15).
As obviously seen from the equation, this one-loop con-
tribution, φg, badly diverges, then one needs to perform
the renormalization to obtain finite physical quantity.
Putting back the resulting term into the exponential
as done in the fermion case using the trick (1 + ǫ→ eǫ),
we obtain the following form
Lg = −
1
4
(∂µA
a
ν − ∂νA
a
µ)
2 − 72g2φ2g. (24)
This is our effective Lagrangian for the gluon sector. We
will not make further analyses on this form because our
focus here is to construct the four-fermion quark model.
IV. NUMERICAL TEST
We have calculated the effective Lagrangian in the pre-
vious section, and it may be now ready for performing
the actual numerical analyses.
As a simple test, we draw the phase diagram of the
chiral phase transition on temperature and chemical po-
tential plane. The model with the form Eq. (20) is the
NJL-type model, and we just follow the prescriptions in
preceding analyses [5, 6]. Applying the mean-field ap-
proximation after the Fiertz transformation to Eq. (20)
in the massless two-flavor version, we have
L = ψ(i∂/−M)ψ −
2g2
9µ2g
φ2ψ, (25)
whereM is the constituent (dynamical) quark massM =
−2Gφψ with G = 2g2/(9µ2g), and φψ represents the chiral
condensate,
φψ = 〈ψψ〉 = −tr
∫
d4q
(2π)4
i
q/−M
. (26)
In the above expression, the trace runs for the color, fla-
vor and spinor spaces, then the relation 〈ψψ〉 = 〈u¯u+d¯d〉,
namely, φψ = φu + φd holds. Here we treat µg as the
model parameter being some constant, then we no longer
have the renormalizability of the original theory.
The evaluation of the effective potential at finite tem-
perature (T ) and chemical potential (µ) is straightfor-
ward due to the mean-field approximation, and we have
V =
2g2
9µ2g
φ2ψ − 12
∫
d3q
(2π)3
[
E + T
∑
±
ln
(
1 + e−βE
±
)]
,
(27)
with E± = E±µ, E =
√
q2 +M2 and β = 1/T [7]. Once
we have the effective potential, the expectation value of
the order parameter, φψ, can be determined by the gap
equation, ∂V/(∂φψ) = 0, corresponding to the stational
condition of the effective potential.
The remaining preparation for the numerical analy-
sis is the parameter fitting. As usual, we introduce the
three-momentum cutoff, Λ, to obtain the finite contri-
bution from the loop integral. Thereafter the present
model contains three parameters, the strong coupling g,
the three momentum cutoff Λ and the gluon energy scale
4µg. Here we chose, Λ = 623MeV and g = 1.27, then test
various values of µg. The above parameters are chosen so
that the model reproduces the numbers, M = 335MeV
and fπ = 92MeV for µg = 250MeV.
Figure 2 displays the numerical results of the phase di-
agram on the chiral phase transition. One sees that the
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FIG. 2. µg dependence on the phase diagram.
region of the broken phase shrinks with increasing µg.
This can easily be understood, because the effective cou-
pling strength, G(µ2g) = 2g
2/(9µ2g), becomes weak when
µ2g is larger. Observing the gluon scale dependence on
the model, we think that µg plays a similar role with the
renormalization scale in quantum field theory.
V. OTHER RELATION
It may also be worth mentioning that the relation be-
tween the Schwinger-Dyson equation (SDE) [8, 9] and
the NJL can be seen by a similar way. Below shows the
SDE for the dynamical mass, M(p),
M(p) = −iC2g
2tr
∫
d4q
(2π)4
−i
k2
i
q/ −M(q)
(28)
with C2 = (N
2
c −1)/(2Nc) and k = p−q, where we chose
the Feynman gauge and set the field strength renormal-
ization factor to be unity in the original equation for
explanation simplicity. It should be noted that the trace
does not include the flavor space in Eq. (28) contrary to
Eq. (26). Performing the replacement, 1/k2 = −1/µ2g,
we see
M(p) = C2
g2
µ2g
tr
∫
d4q
(2π)4
i
q/−M(q)
. (29)
Further, if one drops the momentum dependence on
M(p) → M and recalls the relation Mu = −4Gφu for
up quark,
φu = −
9C2
8
tr
∫
d4q
(2π)4
i
q/ −Mu
. (30)
Thus we just get the same form with the NJL gap equa-
tion. Note that if the models are numerically close under
the assumption of constant k2 and M(p), the relation
for the coupling strength is expected to be g2SDE/g
2
NJL ≃
2/3. Although the direct comparison is difficult, practi-
cal analyses show both couplings may have similar val-
ues [10].
VI. CONCLUDING REMARKS
We find that the frequently studied four-fermion in-
teraction in effective models can be derived by QCD, if
we employ the brute forth hypothesis shown in Eq. (15).
The performed manipulation is based on the speculation
that the gluon momentum may have narrow peak as seen
in a BEC state in condensed matter physics. We believe
that, since the simple replacement can produce the four
point interaction, the treatment employed here may have
some physical importance.
Since the NJL model, an effective model of QCD, is in-
troduced by using the analogy from the Bardeen Cooper
Schrieffer (BCS) theory [11], an effective theory of quan-
tum electrodynamics (QED). Therefore, we believe that
the relation between QED and the BCS theory can be
read in a similar manner presented in this paper.
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